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GENERALIZED AND CLASSICAL SOLUTIONS OF THE
NONLINEAR STATIONARY NAVIER-STOKES EQUATIONS

BY

VICTOR L. SHAPIRO(!)

ABSTRACT. New regularity results in domains of Euclidean 3-space are es-
tablished for the generalized solutions of the nonlinear stationary Navier-Stokes”
equations in terms of Dini criteria on the external force.

1. Introduction. Let £ be a domain (bounded or unbounded) in Euclidean
3-space E, and let f = (f}, f3, f3) be a fixed continuous vector defined in Q.
The pair v, p will be said to be a classical solution of the nonlinear stationary Na-
vier-Stokes equations if v is in C%(2), p is in C*(R), and
(1.1) vVAv—-(v - V)v-vp=-f, divv=0
in £ where v is a positive constant.

Following the notation in [4], we shall designate by J (2) the set of vectors
which are in C”(£2), solenoidal in , and which vanish outside of a compact sub-
set of Q: In J (2) we introduce the inner product

3
(12) wovl= S, vy, d
where w - v designates the usual dot product
3
wev= Z W,
Jj=1

By H(2) we shall designate the Hilbert space which is the closure of J (1))
under the norm induced by (1.2).

We shall say v is a generalized solution of the nonlinear stationary Navier-
Stokes equations if v is in H($2), if f is locally in L*(£2), and if

3 .
(1.3) kgl J-Q(vak e T UV ¢xk) dx = J-nf *¢dx for all ¢ in J(2).
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Next, we let ©, designate a subdomain of Q whose closure is compact in
Q, and we denote the diameter of 2, by 6(2,). Also, we suppose f is in
C%(%2,). Then for 0 <t < 8(S,), we set
(14 w(t, f, Q) = sup If(x) — fO)I.
k—yl<t; x,yinf2;
We shall say f satisfies a Dini condition locally in € if f is in () and if
for every , C &, with , as above, the following holds:

5(R1)
(15) jo Vot £, Q)¢  de s finite.

Next, we let £, be a subdomain of £, whose closure is compact in 2, and
assume that (1.5) holds. We shall say g is in C" (#521)(Q,) if there is a con-
stant 4 such that for x, y in Q,,

(1.6) lg(x) - g < Aw*(Ix - yl, £, Q,),
where for 0 <t <§(R,),

R ¢ _1 5(21)
WD 66 e)= o6t ds+ef st 257 ds.

For future reference we note that an integration by parts also gives the rep-
resentation

5
(18) W*e, £, 9 = | ;L @ l)w(r)r'z drds.
We observe at this juncture from (1.7) that (1.5) implies that w*(t, f, 2,) —
0 as t — 0. Also we note that if f is in Co(SZl), 0<6<1,and gisin
Ccw (. 5.21)(Q,), then g is in C?(Q,). Furthermore, we observe that if there is
constant A' such that for x, y in Q,
If(x) — f(y)l < A'lloghe — I 171F9), 0<6 <1,

then g in C“"("f’gl)(ﬂz) implies that there is a constant 4 such that

lg(x) - g < Alloglx = y11™®  for x, y in Q,.
gin C1T@ (®521)(qQ, ) will mean that g is in C'(R2,) and g, isin C fanQy),
j=1,2,3. gin C2*@"®521)(Q ) will be defined in similar manner using
the second derivatives of g.
In this paper, we intend to establish the following results:

THEOREM 1. Let Q be a domain contained in E. Suppose that f satisfies
a Dini condition locally in Q.. Suppose furthermore that v is in () and is also
a generalized solution of the nonlinear stationary Navier-Stokes equations, ie, vV
satisfies (1.3). Then the following hold:
() there is a V' in C*(S2) such that v' = v almost everywhere in Q;
(ii) there isa p in CI(Q) such that the pair V', p is a classical solution of
the nonlinear stationary Navier-Stokes equations, i.e., v, p satisfies (1.1);
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(iii) if Q, and Q, are bounded subdomains of QL with 2, CQ, CQ, C Q
and if { is not identically constant in ., then v' and p are in C'* <" (:6:21)(Q,)
where i = 2 and 1, respectively.

THEOREM 2. Let  be a domain contained in E, and let Q' be a subdo-
main contained in Q. Suppose that £ = (f,, f,, f3) is locally in L*(Q) and is in
C™(Q"), n a nonnegative integer. Suppose also that for k = 1, 2, 3, every partial
derivative of order n of f, satisfies a Dini condition locally in Q'. Suppose fur-
thermore that v is in H(S2) and is also a generalized solution of the nonlinear sta-
tionary Navier-Stokes equations. Then the following hold:

(i) there is a v' in C"+t2(Q") such that v' = v almost everywhere in Q';

(ii) there is a p in C" Y (Q") such that the pair V', p is a classical solution
of the nonlinear stationary Navier-Stokes equations in §'.

In (iii) of Theorem 1 above, if f is identically constant in £, then it follows
from Theorem 2 that v’ and p are in C*(§2,). Theorem 1 above is to be viewed
as giving an extension of the second part of [4, Theorem 6, p. 131], and Theorem
2 above as giving an extension of the second part of [2, Theorem 4.2, p. 79].

In Euclidean 2-space, the analogues of Theorems 1 and 2 above are also
valid.

2. Stokes flow and multiple Fourier series. To establish the above theorem,
we shall need some lemmas connecting multiple Fourier series with the equations
giving rise to a Stokes flow, namely

2.1 vAv-Vp=f, divv=0.

We shall use the following notation: T3 = {x: - <xi <mj=1,2,3hm
will designate an integral lattice point; for a function g in Ll(T3), we shall set

22) £0m = @0 J e ax.

Also, (x, y) = x,y, +Xx,y, + x3y, will designate the usual inner product;
(x, x)* will be designated by Ix|; B(x, r) will designate the open 3-ball with center
x and radius r, and S(x, r) will designate its boundary. In particular, S(0, 1) will
represent the unit 2-sphere {x: Ix| = 1}.

Next, we discuss the theory of periodic singular integrals. K will be called
a Calderon-Zygmund kernel if

23) K(x) = Z(x/IxDxI™3  for 0 < Ix] <o,
where
249 Z is a function in C?[S(0,1)], 0<~vy<1,

and
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25) Joo2@ds@ = 0.
For x in E5 — U, 20 {2mm}, we define

(2.6) K™@x)= lim X [K(x + 2mm) - K(2mm)],

R-® 1< ImI<R
and observe from [1, pp. 251—252] that the series on the right-hand side of (2.6)
converges uniformly on compact subsets of E3 — U, 2o {2mm}. In particular,

2.7 K™* is a bounded continuous function on T,.

Next, we observe from (2.3), (2.4), and (2.5) that

2.8) el_u)r‘n) T4-B (o,e)K (x)dx exists and is finite.

Using (2.7) and (2.8), we define the constant ¢, by

9 cx = (@3 611_{% - (o’e)[K(x) + K**(x)] dx,

and set
(2.10)  K*(x)=K(x)+K**(x)-cg forx in Ey —|J {2mm}.

We note that

K™ is a periodic function of period 27 in

2.11
@1 each variable in E; — U, {2mm}.

Also, we note that

. *
. dx = 0.
.12 el_l{t(l) 5B (o,e)K (x)dx=0

For g a continuous periodic function in E; (henceforth, periodic will mean
periodic of period 2 in each variable), we shall set

t,8, Ty = su lg(x) — g,

(2.13) wheTy= S Esg( ) —8()

and shall say (as before) that g satisfies a Dini condition on T} if
1

(2.14) J e 8 Tt ar s finite.

Next, for 0 <y <1 and 0 <¢ <1, we shall set

t 1 —
215) w**(t, g7 = f ol & T,)s tds + 7 j' L (s, & T5)s (1+7) gs,
We shall say 4 is in C“’"("g"’)(Ts) if h is a continuous periodic function

in E; and if, furthermore, there is a constant A such that for

x,yinEjand Ix -yl <1,

(2.16) ‘Ihx) = Kl < 4w**(x = yl, g 7).
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With K *(x) defined by (2.10) and g a periodic function in E; in Ll(T3),
we shall designate the following limit, provided it exists, by

@.17) Fo@) = lim @2y fTa_B 0.0f% VK 0D dy.

The first lemma we intend to establish is the following:

LEMMA 1. Suppose that g is a continuous periodic function satisfying a Di-
~ . .. b
ni condition on Ty. Then g . +(x) exists for every x and is in C* ("3'7)(T3).

For the 1-dimensional analogue of the above result, we refer the reader to
[6, p. 121].

Since g meets a Dini condition on T'; and since Z(£) is uniformly bounded
for l¢l = 1, it follows immediately from (2.3) that for every x,

©.18) J-B(O,l)lg(x — ) - gk ()l dy < +eo.

But then as a consequence of this fact, (2.10), (2.12), and (2.17), we have that
g g+ exists and is finite for every x and equals

Q1) Fe® =00 [ 5E - - @Ik 0)d.

Therefore for lzI < 107!, we also have from the periodicity of g, (2.11),
and (2.18) that

Zyelx +2) = (2m)73 ITa[g(x -y)—glx + 2)K*(y + 2) dy

2.20
(220 for x in T5.

Next, we set

(2.21). I(9) = fB ) o’s)w(lxl,g, T3)K*(x)l dx,

and observe from (2.19) and (2.20) that for Izl < 107! and x in T},
@3 @'K.(x +2) —EK.(x)I

[gCx - ¥) — g)IK*( + 2) - K* ()] dy‘

"‘T3—-B(0,3Izl)

(222)

+ lg(x + z) — g(x)| K*(y +2) dy| + 21(4lzl).

J'T3—B(0,3 Iz1)

Now it is clear from the observation made after (2.6) that there is a con-
stant cg | such that
(223) IK**(x +2)l <cg, forxin T; and Izl <1071

Letting T3 + z = {y: ¥ = x + z,x in T3}, we see from (2.3) and (2.4)
that there is a constant cg , such that
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{J-(T3+z)_B(Z,3lz|) - T3“‘B(z,3]z|)}K(’y) d}’

Skl

(224)
for Izl < 1071,

Also, we note that there is a constant ¢y 5 such that

—1
L i< 1yl<4|z||K(y)ldy Scg 3 forlzl <1078

Consequently,

{Lg—s(:,a k) IT3—B(0,3 IzI)}K(y) &) <

for Izl < 1071,
Observing that lim__, , f. T3—B(0,€)K (y) dy exists and is finite, we obtain
from (2.10), (2.23), (2.24), and (2.25) that there is a constant ¢ 4 such that

SCk,3

(2225)

1
(2.26) fT3—B(0,3 Izl)K o +2)dy|< Scg,q forlzl <107

Next, from (2.3) and (2.4), we observe (as in [1, p. 263, 1. 17]) that there
is a cx 5 such that

K +2) - KO) < ¢ 5Lzl IpI7CFY

227
227) for 31zl < Iyl < oo and lzI< 1071,

Also, from (2.6) and (2.27), we observe that there is a constant ¢y ¢ such that

239) K**( +2) =K**O) <cg lzl”

for y in T3 = B(0, 3lzl) and Iz| < 1071.
As a consequence of (2.27), (2.28), and (2.10), we obtain that the first term on
the right-hand side of the inequality in (2.22) is majorized by

Y -
ck,slzl T3-B(0,31z1)18(x + ) —g()l Iyl G+ gy

Y
+ cK,6 lz] fT3—B(0,3 Izl lg(x + y) - g(X)I dy.

From (2.22), (2.26), and this last fact, we conclude that there is a constant
Cx 7 such that

su x +2) = 8 os(x)l
xmga K‘( )" K*

Sk, [w(lZI,g, T,) + I(4lzl) + 1217 IT w(lyl, g Ty)yl=G3+7 dy]

3—B(0,31z1)

(2.29) for 1zl < 1071,
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From (2.3), (24), (2.7), and (2.10), we see that there is a constant ¢y ¢
such that

(2.30) IK*oo)l < k.8 IxI™3 foro<IxI<1.

Consequently, we infer from (2.29) and (2.30) that there is a constant cx 4 such
that

sup 18 .(x +2) =2 ()
xing;; K ) k )

Izl _ 1 _
(2.31) < cK,g[jo w(t, g T3t Vdr + Izl‘ifmw(,, g T,)t (1+7) dt]

for lzl < 1071,
From (2.31) and the hypothesis of the lemma, we conclude immediately
that g X* is a continuous periodic function. Next, we observe that the expression
in brackets on the right-hand side of the inequality in (2.31) is an increasing func-
tion of Izl for 0 < |zl < 1. Consequently, we infer from (2.15) and (2.31) that

B+ () — €+ (M) < 10ck g0**(Ix -1, 8, 7)
forx, y in E; and lx -yl < 1.

Therefore, EK. is in C“’"("g"')(T:,,), and the proof of the lemma is complete.
The next lemma we establish is the following:

LEMMA 2. Suppose that g is a continuous periodic function satisfying a
Dini condition on T5. Then forj, k, a, 8 = 1, 2, 3, there are functions 8k and
8jkap in C7 8T ;) with g5,(0) = g ,4(0) = O such that for m # 0,

(2.32) 8p(m) = mym, \ml=2g"(m)
and
(2.33) 8ikap(m) = mimm,mg Iml~4g"(m).

We shall establish the above lemma for &jkap» 1., we shall show (2.33)
holds. A similar proof will prevail for 8jy to show that (2.32) holds.

In order to accomplish the assertion concerning g o5, We recall the defini-
tion of a spherical harmonic polynomial of order n, n a nonnegative integer. In
particular, Y, (x) is called a spherical harmonic polynomial of order n if Y, is a
homogeneous polynomial of degree n with the added fact that AY,(x) = O for
all x. (Y, =0 will also be called a spherical harmonic of order n.)

Next fix j, k, , B. Then it follows from [3, p. 147] that there are spherical
harmonic polynomials Y, and Y, and a constant ¢ such that for every x,

XX X Xg = Yo (x) + xI2Y,(x) + Ixlc.
Consequently,

(2.34) mimm mg = Y (m) + Iml*Y,(m) + Iml%.
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Comparing the right-hand side of (2.33) with (2.34), we see that (2.33) will
be established once we show the following:

There are functions k4 and A’ in C“’"("g'l)(T3)
(2.35)  with £7(0) = #'"(0) = O such that for m # 0,

K(m) = Y,(m)lml=%g"(m) and h'"(m) = Y,(m)Im|=2g"(m).
We shall establish (2.35) for h. A similar proof will work for #'.
In order to do this, we set
(2.36) K@) =Y,x)lxI"7 forx #0.
Since [g(0,1)Y4(8) dS(€) = 0, we see from (2.3), (24), and (2.5) that
2.37) K is a Calderén-Zygmund kernel where Z(x/Ixl) = ¥, (x)lxI™*
and Z is in C'[S(0, 1)].

Consequently from Lemma 1 and (2.37) we have, with EK. defined by
(2.17), that

(2:38) Zeisin €7 ER(T),

From [1, p. 259], we next observe that
(239) Zpalm) = K*(m)g"(m),
where

*A - —3 --i(m,x) *
K*(m) = @) lim fTa pog S IR ) dx.

From (2.12) we obtain that
(2.40) K*(0) =
and from [1, pp. 257—261] that there is a nonzero constant ¢’ such that
(241) K*(m) = c'Y,(m)lml™*  for m #0.

We set A(x) =g+ (x)/c’ and observe from (2.38) that h is in cwtt (81X (T,)
and from (2.39), (2 40), and (2.41) that #°(0) = 0 and A"(m) = Y, (m)Iml=*g"(m)
for m # 0. Consequently (2.35) is established for (x), and the proof of the
lemma is complete.

Next, for the sake of completeness, we establish the following remark.

REMARK 1. Let g and g be continuous periodic functions, j = 1, 2, 3. Sup-
pose that g]?(m) = imjg"(m) for every lattice point m. Then g is in C*(E 3) and

ag/ax,. =g;
We prove the above remark by showing
242 og(x)/ox, = g,(x) for all x.

Since a similar proof will show that the analogue of (2.42) holds for j = 2, 3, the
establishing of (2.42) is equivalent to establishing the remark.
To do this, set, for ¢ > 0,
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(2.43) gx, 1) =g (m) eilm.x)=Imit

and define g,(x, #) in an analogous manner using g} (m) instead of g°(m). Conse-
quently,

g(x, Dfax, = im,g (m)m*)-Imit
m

and we conclude from the hypothesis of the remark that

(2.44) og(x, Hlox, =g,(x, t) for¢t> 0 and every x.
As a consequence of (2.44), we have that for s > 0,

s
(245) g0y +5,%,,%3,8) —glx,, x5, %5, 1) = J'ogl(xl +r,x,, x5, t)dr.

From [5, p. 56], we see that, respectively, g(x, f) and g, (x, ) tend uniform-
ly to g(x) and g, (x) as ¢ — 0. We conclude from this fact and (2.45) that

N
glx, +5,x,,x3) —glxy, x5, %3) = Iog(xl +r,x,,x3)dr.

But this fact implies that (2.42) holds and the proof of Remark 1 is complete.

In a similar manner, we observe that the following remark can be estab-
lished.

REMARK 2. Let g and 8jk be continuous periodic functions, j, k =1, 2, 3.
Suppose that g;(m) = — m; my & (m) for every lattice point m. Then g is in
C2(E,) and 9%g/ox;3x, = gy

The proof of Remark 2 proceeds analogously to that of Remark 1 except
that second differences are used. We leave the details of the proof of the reader.

Next, we introduce the functions

H, u;‘, and q;, j, k = 1, 2, 3, which are
(2.46) periodic in E — |J,,, {2am}, and in
L*(T,), L*(T,) and L'(T}), respectively.
In particular,
(247) HT0) = ¢(0) = u}"(0) = 0,
and for m # 0,
H(m)=Iml™2, ¢;(m) = im;lml~2,
(2.48)
vuf(m) = [~ 8F + m;my Iml™2]lml ™2,
where §F is the Kronecker 3. .

To be specific, we define H(x, ), q;(x, £) and u(x, £) for £ > 0 in a man-
ner analogous to (2.43) using (2.47) and (2.48). Then in [5, p. 72], it is shown
that the limits of H(x, ¢) and qj(x, t) exist and are finite as # — 0 for x in E; —
U,,{2mm}. Defining H(x) and q;(x), respectively, as these limits, it is shown
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furthermore in [5, p. 72] that these functions have the properties enumerated in
(2.46).

Setting G(x) =—Z,, . o€'"™ »%)|lml™* and observing that AG(x) = H(x) for
x in £y = U, {2nmm}, we see that G is in C*(E5 — |J,, {27m}). Defining
vu}‘(x) = - 6}‘H(x) + a2G(x)/ax,. 0x;, we observe furthermore from
the Riesz-Fischer theorem that u}‘ does indeed have the properties enumerated in
(2.46).

For f = (f}, f,, f3) a continuous periodic vector in E (i.e., f; is a continu-
ous periodic function for j = 1, 2, 3), we shall set

w(t, f, T3) = sup If(x) — f(»)l
Ix—yI<t,x,yin E3

in a manner analogous to (2.13) for continuous periodic functions. In a similar
manner, the definition that f satisfies a Dini condition on T, as well as the no-
tions of w**(t, f, ¥) and C¥" )T ) defined in (2.15) and (2.16), respec-
tively, are carried over to vectors. Likewise, the notions of C? "'“’"("f"’)(T:;)
and C2T@ " (1) gre to be given the obvious interpretations.

The next lemma we establish is the following:

LemMma 3. Let f = (f;, 5, f3) be a continuous periodic vector defined in
E, satisfying a Dini condition on Ty. Suppose also that f,(0) =0,k =1,2,3.
Forj=1,2,3,set

3
249) ye =Cn 3 [ w0Me =Ny
and

3
(2.50) ORI R AOVIEES L2

Then p and v; are continuous periodic functions in E5 which are in
* % * %
cHHet Y (T,) and ¢+ (WEAN(T,), respectively. Furthermore,

2.51) 3
2 v /3x; = 0.
j=1
In order to establish the lemma, we set
252) o) = Qo [ w oM~y
and observe from the hypothesis of the lemma, (2.46), and (2.52) that
(2.53) v;‘ is a continuous periodic function in E5.

From (2.52), we next observe that for every lattice point m,

(2.54) vf(m) = uf"(m)fy(m).
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Now for m # 0, we have from (2.48) that
(255)  vm mgul~(m)fi(m) = = 8Fmmglml=2fm) + mmgm;my, \ml~*£(m).

Since by hypothesis, f, satisfies a Dini condition on 7', we see from Lem-
ma 2 that there is a function

(256) Bogjic i CW**(t.fkyl)(Ts)
such that
257 mamﬁu}“(m)f,:(m) = hyg(m) for every m.

We consequently conclude from Remark 2, (2.53), (2.54), (2.56), and
(2.57) that

(2.58) of is in €2+ @Le1)(Ty),

Since w(t, fi, T3) < w(t, £, T3), we conclude from (2.49), (2.52), and
(2.58) that

v; is a continuous periodic function in
(2.59) P

C2+w**(t,f,l)(T3).
A similar proof using g3, (m) and Remark 1 establishes that

p is a continuous periodic function in

(260) Cl_l_wct(t’f,l)(Ta).

Next, it follows from an easy computation, using (2.48), that

—Vlmlzv;-‘(m) = im;p"(m) = f].’(m), i=1,2,3,

(2.61) ngimjv;(m) _o

for every latticg point m.

But then (2.51) follows immediately from (2.59), (2.60), (2.61), and the
wel-known uniqueness theorem for Fourier coefficients. The proof of Lemma 3
is therefore complete.

Next, we establish the following lemma which is essentially a corollary of
Lemma 3.

LEMMA 4. Let f = (f,, f,, f3) be a periodic vector in C"(E3), n a nonnega-
tive integer. Suppose that for k = 1, 2, 3, every partial derivative of order n of
[y satisfies a Dini condition on T, and suppose also that f;/(0) = 0. Forj =1,
2, 3, let v; be defined by (2.49) and let p be defined by (2.50). Then p and v;
are periodic functions in C"*(E,) and C"**(E,), respectively, and the pair v, p
satisfies the system of equations in (2.51).

To prove Lemma 4, we proceed by induction. The case n = 0 follows im-
mediately from Lemma 3. Assume therefore that the lemma is true for n < M.
To complete the proof of the lemma, it remains to show the following:
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If f is in CN*YY(E,) for k = 1, 2, 3, where N is a non-

2.62) negative integer, and if every partial derivative of order
N + 1 of f, satisfies a Dini condition on T,, then p and
v; are in CV*2(E,) and CV*3(E,), respectively.

Let D represent a partial derivative of order N + 2. Then the conclusion
in (2.62) concerning v; will follow if we show

(2.63) D, is in C1(E5).

From (2.49), and the fact that f, is in at least C!(T;), we see that for a =
1,2, 3,

3
(2.64) Ve = (21:)‘3"2;1 L,a u}‘(y)kaa(x =y)dy.

But now f;,  isin CN(E,) and satisfies a Dini condition on T5. Therefore, by
the inductive assumption,

]X
But then it follows from (2.65) that Dy, is in C°(E;) for a,j = 1,2, 3. This
last fact implies that Dy; isin C l(E3), and (2.63) is established. Consequently, v
is in CN*3(E,).
A similar proof shows that p is in CN*2(E,). Therefore (2.62) is estab-
lished. Since the fact that the pair v, p satisfies the system in (2.51) follows im-
mediately from Lemma 3, we see that the proof of Lemma 4 is complete.

(2.65) Uy, i in CV¥2(Ey) fora,j=1,2, 3.

LemMA S. Let f = (f}, f,, f3) be a periodic vector in C"*°(E}), n a non-
negative integer and 0 < 0 < 1. Suppose also that f,: 0 =0. Forj=1,2,3,
let v; be defined by (2.50). Then p and v; are periodic functions in C"*1+%(Ey)
and C"T2+8(E.), respectively, and the pair v, p satisfies the system of equations
in (2.51).

To establish Lemma 5, we first of all deal with the case n = 0. It follows
from the hypothesis of the lemma that in this case there is a constant 4, such
that c(t, f, T;) <A,#° for 0 <t < 1. Since 0 <0 < 1, we consequently ob-
tain from (2.15) that there is a constant 4, such that

(2.66) W**(t,£,1)<A,t for0<t<1.

From the conclusion in Lemma 3, we have that v; is in 2wt (eI (T,)
forj =1, 2, 3. The fact that v; is also a continuous periodic function in conjunc-
tion with (2.66) shows that v; is in C%*9(E,). In a similar manner, we have that
p isin C'*9(E,). Therefore, the case n = 0 of Lemma § is established.

We proceed by induction and assume Lemma 5 is true when n <N, N a
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nonnegative integer. The proof of the lemma will be complete once we establish
the following:

@2.67) If f is in CN Y1 +O(E,), then p is in CV+2+0(E.) and
v isin CV*3+0(E,),7=1,2,3.

From (2.67), we have that f is at least in CI(E3) Consequently, it follows
from (2.49) that v, is given by (2.64) forj,a=1,2,3. But ka is in
CNYO(E,). Consequently, by the inductive assumption, v;, _is in cN 240 (E,).
This implies that v; is in CY*3*9(£,), and (2.67) is estabhshed fory,j=1,2,

3. A similar approach shows that p is in CNt2*0(E,). (2.67) is therefore estab-
lished, and the proof of Lemma 5 is complete.

Next, we state the following remark:

REMARK 3. Let p and Y be, respectively, in C°[B(x°, ro)land C 1[B(xo,ro)],
j=1,2, 3. Suppose there are constants A i such that

ll/
(2.68) J 80001 P ™ Jpe0, iy iV
forj=1,2,3and y in Cq[B(x°,15)]-
Suppose, furthermore,

3
(2.69) va"i = 0in B(x°, 7).
=1

Then p and v; are in C™[B(°, 7). i=1,2,3,and
(2.70) vAy; — dplox; = A4;,  j=1,2,3.

Using the method of spherical means (or mollifiers) to further smooth Y
and p, it can be easily shown from (2.68) and (2.69) that p is harmonic in
B(x°, ro). Weyl’s lemma, in conjunction with (2.68) then gives that v; is in
C”[B(x°, r)]. (2.70) then follows from (2.68). We leave the filling in of these
details to the reader and consider the proof of Remark 3 complete.

3. Proof of Theorem 1. We first of all observe that f is bounded on every
compact subset of . Consequently we infer from [2, pp. 79-81] that there is a
pair v', p, respectively, in C!(R2) and C°(£2) such that if B is an open 3-ball with

B C Q, then
fw'A¢+Qﬁd—f Zv dx
Bl 7 ”ax,. *= Ui ~Jj
(3.1) forj=1,2,3 and all § in Cy(B);

3
’ _ .
kz=:10kx" =0 inB.
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Also,

(32 v =v almost everywhere in Q.
Furthermore, if 2, is a subdomain of  such that ﬁl is compact in £,

(33) v isin C'*9(Q,), and p is in C%(Q,) for 0 <0 < 1.

Let ©, be fixed and suppose f is not identically constant in Q,. Then set-
ting w*(, £, 2,) = §(Q,) for t = 8(Q,) and w*(0, f, 2,) = 0, we observe from
(1.8) that w*(z, f, £,) is a continuous concave nondecreasing function on the in-
terval 0 < ¢ <o, [In particular, w*(2t, f, ;) < 2w*(@, f, 2,).] Asa conse-
quence, it is not difficult to see that, in order to establish the theorem, it is suffi-
cient to establish the following:

If B(x°, r,) C Q, with 0 <r, < %, then
f 0 ‘ 1 (1 £ 0
X)) (@) v is in c“w' @2 D[RO, ry)], and
(b) p is in CHH@ ERRDBGRO, 1 ).

We now proceed to establish both parts of (3.4). With no loss in generality
we can assume x° = 0. Also, since B(0, ry) C £, with 0 <r, <, we can find
Ty T,,and ry such that

(3.5) rg<r,<r,<ry<% and B(0,r;)C Q,.
Next, we select a function A with the following properties:

(3.6) \is in C5[B(O, r3)],

3.7 0<A<1! and A=1inB(,r,).

We then define forj =1, 2, 3,
3
g =2\ VL) —f.> in B(0, r,),
(3.8) j <k§l kK"jxp j ( 3)
=0 in T, —B(0,r,)

and extend g; by periodicity to all of E;
From (3.3), (3.5), (3.8), and the hypothesis of the theorem, we see that

= (g,,8,,83) is a continuous periodic vector
(39) g£=(81,82,83 p

satisfying a Dini condition on T’;.
Next, forj =1, 2, 3, we set
3
(3.10) W= 3 | st ) - 501 ay

and

3
@3.11) P(x) = (2m)~3 kZ_)l Iquk(y) [gx(x =) — £,(0)] dy.
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From (3.9) and Lemma 3, we infer immediately that

P and w; are continuous periodic functions in C“"""("g'l)(T3)

(3.12) and C2+w™ T 81)(T,), respectively.
Furthermore,

vAw; — 0Plox; = g;=¢;(0), =1,2,3,
(3.13)

3
> Wixy = 0.
k=1

But then from (3.1), (3.5), (3.7), (3.8), (3.12), and (3.13), we have

r_ _ _ai _ .
f B(o,rz)[v(v" wpAY + (p P)axj] dx f B(o,rz)"’gz (0) ax
(3.19)
forj=1,2,3 and all y in Cy’[B(0, ,)],
and
3 ’
2 (- W")xk =0 inB(,ry).
k=1

Since v} — w; is in C'[B(0,73)],/ = 1,2,3,and p P is CO[B(0, r5)], we
obtain immediately from (3.14) and Remark 3 that
(3.15) p—Pand y; - w; are in C”[B(0, rp)] forj = 1,2, 3.

But then it follows, in particular, from (3.12) and (3.15) that p is in
C'[B(0, ry)] and v} is in C*[B(0, r,)] for j = 1,2, 3. Since B(0, r,) is the proto-
type of a ball whose closure is contained in , we conclude that

3.1 pisin C}(Q), and v} is in C?(Q), j=1,2,3.
]

From (3.1) and (3.16), we see that (i) and (ii) of Theorem 1 are estab-
lished. To show part (iii) of Theorem 1, namely (3.4) with x° = 0, we proceed
as follows.

We first observe from (3.8) and the fact that f;, v;, and v]'-x L e locally
bounded in § that there is a constant 4, such that

(.17)  w(t, &, T3) < wlt, g, BO, r3)] + A, (t, A, Ey) for 0< 1 <r.

Next, from (3.7), (3.8), and (3.16), we see that there is a constant 4, such
that
wlt, g, B0, r3)] < wlt, f, B(0,r;y)] + A4,
(3.18)
for0<t<rjandj=1,2,3.
We consequently conclude from (1.8), (2.15), (3.17), (3.18), (3.6), and
(3.5) that there is a constant 45 such that
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Aok . < *
(3.19) wW**(t, g, 1) < w*[t, £, BO, ry)] + A5t log(1/1)
for0<t<ryandj=1,2,3.

From (3.15) and (3.16) we see that there is a constant 4, such that for
0<t<rjande,B,j=1,2,3,

@ w[t, vy, axp BO POl < wlt, Wy o0 BO, 7)) + 4,15
(320
() wlt, py, BO, r)] S wlt, Py, BO, )] + Ayt

We consequently conclude from (3.12), (3.19), (3.20), and the fact that
0 <'r,; <ry <1 that there is a constant A5 such that

(@) w[t, v Jxaxp’ B(0, r))] < A5 {w™[t, f, B(0, r3)] + tlog(1/)},

321 (b) wlt, Pxp B(0, )] < Ag{w™[t, f, B(0, r3)] + t log(1/0)}

for0<t<r,.

Now by assumption f is not identically constant in Q,. Consequently, it is
not difficult to see (e.g., see [6, p. 45, 1. 12]) that there is a positive constant A¢
such that w(z, f, Q) = A4t for 0 <7 <§(82,). But then it follows that there is
another positive constant 4, such that

(322) tlog(1/) K A,w*(, £, Q,) for 0<t<r,.

From the fact that 0 <7, <r; and that w*[¢, f, B0, r;)] < w*(t, f, Q,)
for 0 <t <r,, we obtain as an immediate consequence of (3.21)(a) and (3.22)
that v is in C2FTW (A, nl)[B(O ro)]. From (3.21)(b) and (3.22), we likewise ob-
tain that pisin C1+@ (H21[B(0, 7,)]. We have therefore established (3.4),
and the proof of Theorem 1 is complete.

4. Proof of Theorem 2. The proof of Theorem 2 for the case n = 0 is al-
most identical with that given for parts (i) and (i) of Theorem 1. We therefore
consider this case established and proceed by induction.

Thus, suppose Theorem 2 holds for the case n < N, N a nonnegative integer,
and assume that f is in C¥*1(Q') and that the partial derivatives of order N + 1
of f satisfy a Dini condition locally in Q'. It then follows from the inductive as-
sumption that there is a pair v', p such that

@.1) v isin CV+2(Q"), and p is in CV T 1(Q"),

and, furthermore, in Q',
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’ .
VAvi—px]' kakv]xk i 7=1,2,3,

42)
3 U
kglvkxk =
Also,
(4.3) v/ =v almost everywhere in Q'.

To establish Theorem 2, it is sufficient, therefore, to show the following:
If B(x°, r,) C Q' with 0 <ry <%, then
44 (@) v is in CV+3[B(x®, r,)], and
(b) p is in CV+2[B(x°, ry)].

We now proceed to establish both parts of (4.4). With no loss in generality,
we can assume x° = 0. Also, since B(0, r,) C Q' with 0 <r, <%, we can find
ry,r,,and ry such that
(4.5) ro<ry<ry<ry<% and B(0,r;)C Q.

Next, we select a function A with the properties enumerated in (3.6) and
(3.7) and define the function g; in T3 forj =1, 2, 3 by (3.8). We then extend
the function g; by periodicity to all of E;.

From the fact that f is in CV*1(Q') and from (4.1), (4.5), and (3.8), we
observe that

(4.6) g isin CN+O(E;) for 0 <6 < 1.

Next, forj = 1, 2, 3, and x in E; we define w;(x) by (3.10) and P(x) by
(3.11). But then it follows from Lemma 5 and (4.6) that
4. w; is in CV*2+0(E;), and P is in CV 10 (Ey)
and, furthermore, in E5,
vAw; P gl" 0),

3
> Wix, =0
k=1

Since A = 1 in B(0, r,), we see from (3.8) that g; = E,3C=lv;cv;cxl, —fjin
B(0, r,). Consequently, we obtain from (4.2) and (4.8) that, in B(0, r,),

vAW, - w) - (b = P);, = £0),

3
' —
kg::l(vi Wy, =0,

(438)

(4.9)

It follows, therefore, from Remark 3 and (4.9) that Yy —w;isin
C”[B(0, r,)]. But then from (4.7) and the fact that r;, <r,, we obtain
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(4.10) v is in CN*24O[B(0, 7).
Next, we choose 1 such that

(4.11) nis in Cg [B(0, )]

and

4.12) n = 11in B(0, ry).

We define forj =1, 2, 3,

3
g=n (Z ViVl -f,> in B(O, r,),
(4.13) k=1
=0 inT;~-B(,r,)

and extend g; by periodicity to all of Ej.

Now, by assumption, f, is in CN*1(Q") and its partial derivatives of order
N + 1 satisfy a Dini condition locally in Q'. Consequently, it follows from (4.10)
through (4.13) that

gl'- is a periodic function cNtY(E 3) and every partial derivative

419 v ;
of order N + 1 of g satisfies a Dini condition on T;.

Next, with g} replacing g;, we define w;(x) by (3.10) and P'(x) by (3.11).
It follows immediately, therefore, from (4.14) and Lemma 4 that

(4.15) wy is in CV+3(E3), and P isin CNT2(E;)
and, furthermore, that, in £,

Aw,—-P. = g; - g}‘(O),

] Xj
3
12
w =0
kx .
k=1 K

But from (4.11) through (4.13), g = 23UV}, ~ fj in B(0, 7). There-
fore, we conclude once again from (4.2), Remark 3, and this time (4.16) that
@.17) v; = u:]' is in C™[B(0, r,)], and

p—p'isin C*[B(0, ry)]-

(4.17) in conjunction with (4.15) gives both parts of (4.4), and the proof of
Theorem 2 is complete.

In closing, we would like to point out that using a fixed function h satisfy-
ing a Dini condition locally in Q' and assuming that f is in cre®nadQ"]
where Q" is a subdomain with compact closure in €', it is not difficult to obtain
for Theorem 2 an analogue of part (iii) of Theorem 1. We leave this for the in-

terested reader.

(4.16)
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